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Slowly rotating general relativistic superfluid neutron stars with relativistic entrainment

G. L. Comer*
Department of Physics, Saint Louis University, St. Louis, Missouri 63156-0907, USA

~Received 2 February 2004; published 29 June 2004!

Neutron stars that are cold enough should have two or more superfluids or supercondutors in their inner
crusts and cores. The implication of superfluidity or superconductivity for equilibrium and dynamical neutron
star states is that each individual particle species that forms a condensate must have its own, independent
number density current and equation of motion that determines that current. An important consequence of the
quasiparticle nature of each condensate is the so-called entrainment effect; i.e., the momentum of a condensate
is a linear combination of its own current and those of the other condensates. We present here the first fully
relativistic modeling of slowly rotating superfluid neutron stars with entrainment that is accurate to the second-
order in the rotation rates. The stars consist of superfluid neutrons, superconducting protons, and a highly
degenerate, relativistic gas of electrons. We use a relativistics-v mean field model for the equation of state of
the matter and the entrainment. We determine the effect of a relative rotation between the neutrons and protons
on a star’s total mass, shape, and Kepler, mass-shedding limit.

DOI: 10.1103/PhysRevD.69.123009 PACS number~s!: 97.60.Jd, 47.75.1f, 95.30.Sf
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I. INTRODUCTION

There is now an extended body of evidence in suppor
superfluidity in dense, nucleonic matter, such as that whic
believed to exist in neutron stars. Using conservative e
mates one can argue for a Fermi temperature on the ord
1012 K for neutrons in media with supranuclear densitie
and that the transition temperature to a superfluid stat
about 109 K. This is a significant fact since it is general
accepted that nascent neutron stars formed from supern
should cool fairly quickly, and consequently their intern
temperatures should pass quickly through the transi
value. Observational support for such transitions is supp
by the well established glitch phenomenon in pulsars@1,2#.
These are rapid decreases in the rotational periods follo
by a slow recovery@3#, much too slow to be explained b
ordinary fluid viscosity@4#. The best description is based o
superfluid quantized vortices, and how they pin, unpin a
then repin as the pulsar’s rotation rate evolves@5–7#. We
present here a fully relativistic formalism to model the ro
tional properties of superfluid neutron stars within a sl
rotation approximation, which is an extension to second
der in the rotation rates the previous work of Comer a
Joynt @8#.

The bulk of the studies of neutron star superfluidity ha
been in the Newtonian regime, where the intent is not to
quantitatively descriptive but rather to gain qualitative und
standings. However, it is becoming increasingly appar
that general relativity is required to obtain even qualitat
understandings. And even if the qualitative does not v
between the two regimes, the number of examples is gr
ing where general relativity can yield factors of two diffe
ence from Newtonian calculations~as opposed to ‘‘merely’’
20% to 30% corrections!. For example, recent modeling o
supernovae has revealed that when general relativity is
cluded the range of model parameters that exhibit mult
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bounces is significantly smaller than the range found for
Newtonian case@9#. The use of general relativistic hydrody
namics has also led to predictions of the shock radius~during
the shock reheating phase! being reduced by a factor of two
and a corresponding increase by a factor of two for the
flow speed of the material behind the shock@10#. Certainly
the need to use general relativity must only be enhance
supernova remnants become more compact.

Weber @11# provides an excellent overview of the man
suggestions for the matter content of these remnants,
neutron stars. They range from the traditional neutron, p
ton, and electron models to more exotic configurations w
kaon or muon condensates in the core, or hyperons, or e
strange stars with absolutely stableu, d, s quark matter. In
our study we will be somewhat conservative by consider
typical traditional neutron star models, composed of sup
fluid neutrons, superconducting protons~with proton frac-
tions on the order of 10%!, and a highly degenerate relativ
istic gas of electrons. Each species extends from the cent
the star all the way to the surface, although in principle o
could consider a more realistic scenario wherein the prot
and electrons extend out further than the neutrons@12–14#
and in that way mimic features of a crust. This same te
nique could be applied in neutron star cores, allowing for
possibility of alternating regions of ordinary fluid and supe
fluid.

The local thermodynamic equilibrium of the matter w
be modelled using a relativistics-v mean field approach o
the type that is attributed to Walecka@15# and discussed in
detail for neutron stars by Glendenning@16#. We consider a
relativistic approach to be important on two different leve
On the macroscopic level there is the need for general r
tivity that was discussed above. But on a microscopic lev
recall that any fluid approximation for matter has built into
the notion of local, fluid elements. They are small enou
that they can be considered to be points with respect to
rest of the star, and yet large enough to contain, say,
Avogadro’s number of particles. At the densities expected
neutron stars, the local, Fermi levels for the nucleons
©2004 The American Physical Society09-1



th
tic
rin
tic

of

e
ed
p
th
s
ts
ti
el
n

th
e

ui
ca
a

as
ay

ce
fe

la
p

l t
ul
d
w
t
f
ro
im

at

at
e
e

rs
r

er
W
ro
s
an
s
nc
a
b
n
al
ct

t,
oof
ent

ent,
en-
to
e
ynt
. In

d-
n
cal
n-
sid-
im-
ndix
nts
se
ts.

is,

e

as

via

see

sist

G. L. COMER PHYSICAL REVIEW D 69, 123009 ~2004!
become high enough that the effective velocities of
nucleons with respect to their fluid elements are relativis
As for the fluid elements themselves, they can also, in p
ciple, approach speeds near that of light, although in prac
~e.g. for quasinormal mode@13,17# or slow rotation calcula-
tions @8,18#! they will typically have speeds a few percent
that of light.

Because of the superfluidity of the neutrons, and sup
conductivity of the protons, the fluid formalism to be us
differs fundamentally from the standard perfect fluid a
proach in that the neutrons can flow independently of
protons and electrons. There are thus two fluid degree
freedom in the system, requiring two sets of fluid elemen
one set for the neutrons and another for the charged cons
ents since the electromagnetic interaction very effectiv
‘‘ties’’ the electrons to the protons. The matter descriptio
therefore, must take into account two Fermi levels for
nucleons, and a displacement in momentum space betw
their respective Fermi spheres that will result when one fl
flows with respect to the other. The specification of a lo
thermodynamic equilibrium for the two fluids requires th
the local neutron and ‘‘proton’’~i.e., a conglomeration of the
protons and electrons! number densities be known as well
the local, relative velocity of the proton fluid elements, s
with respect to those of the neutrons.

When the Fermi spheres for the nucleons are displa
with respect to each other there results an important ef
for neutron star dynamics known as entrainment@19#. Sauls
@20# describes the entrainment effect using quasiparticle
guage, i.e. just because the neutrons are superfluid and
tons superconducting does not mean they no longer fee
strong force. On the contrary, an individual neutron sho
be understood as being surrounded by a polarization clou
other neutrons and protons. When this neutron moves, it
be accompanied by this cloud of nucleons. The net effec
the level of the fluid elements is that the momentum o
neutron fluid element is a linear combination of the neut
and proton number density currents. Parameters that are
portant for entrainment in neutron stars have been calcul
in the Newtonian regime using a Fermi-liquid approach@21#
and in the relativistic regime via as-v mean field model@8#.
Comer and Joynt@8# find that one of the key parameters th
has been much used in superfluid neutron star modeling
tends over a much larger range of values than what the N
tonian analysis of Borumandet al. would imply @21#.

Comer and Joynt also used their formalism to obtain fi
order rotational corrections to a superfluid neutron sta
equilibrium state, which for general relativity means det
mining the frame-dragging, and the angular momentum.
will extend those calculations to the second order in the
tation rates, and thereby determine rotational correction
the metric, distribution of particles, the total mass, shape,
the Kepler, mass-shedding limit. We construct sequence
equilibrium configurations where members of the seque
have the same relative rotation between the neutrons
protons but are distinguished by their central neutron num
densities. We also construct sequences where the central
tron number density is fixed and the relative rotation is
lowed to vary~cf. @12,18# for discussions on when to expe
12300
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a relative rotation!. One other straightforward, but importan
extension here of the work of Comer and Joynt is a pr
that the matter coefficients obtained by them are suffici
for our second order calculations.

In order to have a reasonably self-contained docum
and to define all the variables, we review in Sec. II the g
eral relativistic superfluid formalism and its application
slowly rotating neutron stars. It is in this section that w
prove the matter coefficients obtained by Comer and Jo
are all that is needed for the extension to second order
Sec. III we discuss the highlights of the relativistics-v
model and its mean field limit. We also determine the mo
el’s slow rotation limit. In Sec. IV we join the slow rotatio
formalism with the mean field model and produce numeri
solutions. After reviewing the main results, the final, co
cluding section discusses applications beyond those con
ered here and points out where the formalism should be
proved. For convenience we have restated in the appe
results of Comer and Joynt for the various matter coefficie
that are required input for the field equations. We u
‘‘MTW’’ @22# conventions throughout and geometrical uni

II. GENERAL RELATIVISTIC SUPERFLUID FORMALISM
AND SLOW ROTATION

A. The full formalism

We will use the formalism developed by Carter, Langlo
and their various collaborators@17,18,23–30#. The funda-
mental fluid variables consist of the conserved neutronnm

and protonpm number density currents, from which ar
formed the three scalarsn252nmnm, p252pmpm, andx2

52pmnm. Given a master function2L(n2,p2,x2) ~i.e., the
superfluid analog of the equation of state!, then the stress-
energy tensor is

Tn
m5Cdn

m1nmmn1pmxn , ~1!

where

C5L2nrmr2prxr ~2!

is the generalized pressure and

mn5Bnn1Apn , xn5Ann1Cpn , ~3!

are the chemical potential covectors which also function
the respective momenta for the fluid elements. TheA, B,
andC coefficients are obtained from the master function
the partial derivatives

A52
]L

]x2
, B522

]L

]n2
, C522

]L

]p2
. ~4!

The fact that the neutron momentummm , say, is not simply
proportional to its number density currentnm is a result of
entrainment between the neutrons and protons, which we
vanishes if theA coefficient is zero.

Finally the equations for the neutrons and protons con
of the two conservation equations
9-2
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¹mnm50, ¹mpm50, ~5!

and the two Euler equations

nm¹[mmn]50, pm¹[mxn]50, ~6!

where the square braces mean antisymmetrization of the
closed indices. Comer@30# and Prix et al. @12# discuss in
some detail why the assumption of separate conservation
the two fluids should be reasonable for slow rotation a
quasinormal mode calculations.

B. The slow-rotation expansions

Andersson and Comer@18# have adapted to the superflu
case the ordinary fluid slow rotation scheme originally d
veloped by Hartle@31#. The configurations are assumed to
axisymmetric, asymptotically flat, and stationary, with t
metric taking the form

gmndxmdxn52~N22sin2uK@Nf#2!dt21Vdr 2

22 sin2uKNfdtdf1K~du21sin2udf2!. ~7!

The neutrons and protons are assumed to be rigidly rota
about the symmetry axis, with ratesVn and Vp , respec-
tively, and unit four-velocities written as

un
m5

tm1Vnfm

AN22sin2uK~Nf2Vn!2
,

up
m5

tm1Vpfm

AN22sin2uK~Nf2Vp!2
, ~8!

wheretm is the Killing vector associated with the stationarit
andfm with the axisymmetry.

The slow-rotation approximation assumes the rotat
rates Vn and Vp are small in the sense that they shou
respect the inequalities~cf. @18,31#!

Vn
2 or Vp

2 or VnVp!S c

RD 2 GM

Rc2
, ~9!

where the speed of lightc and Newton’s constantG have
been restored, andM andR are the mass and radius, respe
tively, of the non-rotating configuration. BecauseGM/c2R
,1, the inequalities naturally implyVnR!c andVpR!c.
The slow-rotation scheme has been shown, for instanc
Prix et al. @12#, to be a very good approximation for th
fastest known pulsar, and starts to fail by about 15% to 2
for stars rotating at their Kepler limit.

In the same manner as Hartle, the metric is expanded

N5en(r )/2
„11h~r ,u!…,

V5el(r )
„112v~r ,u!…,

K5r 2
„112k~r ,u!…,

Nf5v~r !, ~10!
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wherev is understood to be ofO(Vn,p) andh, v, andk of
O(Vn,p

2 ). For later convenience we will also introduce

L̃n5v2Vn and L̃p5v2Vp . ~11!

The expansion for the neutron and proton number densitin
andp, respectively, are written as

n5no~r !„11h~r ,u!…, p5po~r !„11F~r ,u!…, ~12!

where the termsh andF are understood to be ofO(Vn,p
2 )

and we have introduced the convention that terms with
‘‘o’’ subscript are either contributions from the non-rotatin
background or quantities that are evaluated on the n
rotating background~e.g.xo

25nopo etc.!. One can show fur-
thermore that the metric correctionsh, v, andk can be de-
composed into ‘‘l 50’’ and ‘‘ l 52’’ terms using Legendre
polynomials for the angular dependence, i.e.,

h5h0~r !1h2~r !P2~cosu!,

v5v0~r !1v2~r !P2~cosu!,

k5k2~r !P2~cosu!, ~13!

where P2(cosu)5(3 cos2u21)/2. As well we can write for
the matter corrections

h5h0~r !1h2~r !P2~cosu!, F5F0~r !1F2~r !P2~cosu!.
~14!

Lastly, Andersson and Comer@18# have introduced a co
ordinate transformationr→r 1j(r ,u) that maps constant en
ergy surfaces~i.e., the level surfaces ofLo) for the non-
rotating background into the rotationally modified consta
energy surfaces. The mappingj is given as

monoh01xopoF01
r 2

3en
Aonopo~Vn2Vp!25Lo8j0

~15!

for l 50 and forl 52

monoh21xopoF22
r 2

3en
Aonopo~Vn2Vp!25Lo8j2 ,

~16!

wheremo5Bono1Aopo andxo5Copo1Aono .

C. The slow-rotation equations

No different in number, but different in form from th
ordinary fluid case considered by Hartle, the Einstein a
superfluid field equations reduce to four sets:~i! the nonro-
tating background that determinesn, l, no , andpo , ~ii ! the
linear order that calculates the ‘‘frame-dragging’’v, ~iii ! the
l 50 second order equations that yieldj0 , h0 , F0 , h0, and
v0, and~iv! the l 52 set at second order that determinesj2 ,
h2 , F2 , h2 , v2, andk2. For convenience we list the equa
9-3
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tions here and recall where appropriate the free paramete
the system and how they are specified during a numer
integration.

1. TheOÄ(Vn,p
0 ) or background equations

The background equations are

l85
12el

r
28prelLo , ~17!

n852
12el

r
18prelCo , ~18!

05A 0
0uopo81B 0

0uono81
1

2
mon8, ~19!

05C 0
0uopo81A 0

0uono81
1

2
xon8, ~20!

where theA 0
0uo , B 0

0uo , and C 0
0uo coefficients are obtained

from the master function and will be discussed in mu
greater detail below~cf. Secs. II D, III, and the Appendix!.
Throughout a prime ‘‘8’’ will denote differentiation with re-
spect tor.

Regularity at the origin implies thatl(0), l8(0), n8(0),
no8(0), andpo8(0) all vanish. The radiusR is obtained from
the condition that the pressure vanish on the surface@i.e.,
Co(R)50] and the background mass is given by

M524pE
0

R

Lo~r !r 2dr . ~21!

The parametersno(0) andpo(0) for the matter on the back
ground are not independent because chemical equilibriu
imposed between the neutrons, protons, and a highly de
erate gas of relativistic electrons~cf. the Appendix!.

2. TheO(Vn,p) or frame-dragging equation

For O(Vn,p) there is only the frame-draggingv(r ),
which is determined from

1

r 4
~r 4e2(l1n)/2L̃n8!8216pe(l2n)/2~Co2Lo!L̃n

516pe(l2n)/2xopo~Vn2Vp!. ~22!

The key difference with the frame-dragging equation for
ordinary fluid is the ‘‘source’’ term on the right-hand sid
Any solution must be such that it joins smoothly to the e
terior vacuum solution. Continuity implies that

L̃n~R!52Vn1
2J

R3
, ~23!

whereJ is the total angular momentum of the system. Us
also that the derivative at the surface is to be continu
implies
12300
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L̃n~R!52Vn2
R

3
L̃n8~R!. ~24!

When the frame-dragging equation is solved numerica
one searches for a central valueL̃n(0) that allows Eq.~24! to
be satisfied.

With a solution in hand, the neutron and proton angu
momenta,Jn and Jp , respectively, can then be calculate
using

Jn52
8p

3 E
0

R

drr 4e(l2n)/2@monoL̃n1Aonopo~Vn2Vp!#

~25!

and

Jp52
8p

3 E
0

R

drr 4e(l2n)/2@xopoL̃p1Aonopo~Vp2Vn!#.

~26!

The total angular momentumJ likewise follows sinceJ
5Jn1Jp .

3. TheO(Vn,p
2 ) equations

One should first note that at this order there will exist bo
a l 50 and l 52 set of equations. TheO(Vn,p

2 ), l 50 set
consists of Eq.~15! as well as

gn5
B 0

0uono

mo
h01

A 0
0uopo

mo
F01

r 2

3en

po

mo

3S Ao1no

]A
]n U

o

1nopo

]A
]x2U

o
D ~Vn2Vp!2

2
r 2

3en
L̃n

21h0 , ~27!

gp5
C 0

0uopo

xo
F01

A 0
0uono

xo
h01

r 2

3en

no

xo

3S Ao1po

]A
]p U

o

1nopo

]A
]x2U

o
D ~Vn2Vp!2

2
r 2

3en
L̃p

21h0 , ~28!

05
16pr 2

3en
@~Co2Lo!L̃n

21xopo~Vn2Vp!~ L̃n1L̃p!

2Aonopo~Vn2Vp!2#18pLo8j02
2

r 2 S r

el
v0D 8

1
r 2

6en1l
~ L̃n8!2, ~29!
9-4
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05
2

rel
h082

2

rel S n81
1

r D v01
r 2

6en1l
~ L̃n8!228p

3Fmonogn1xopogp2~Co2Lo!h01
r 2

3en

3~monoL̃n
21xopoL̃p

2!2
r 2

3en
nopoAo~Vn2Vp!2G .

~30!

Here gn and gp are integration constants, which are det
mined from data given at the center of the star:

gn5h0~0!1S moA 0
0uo2xoB 0

0uo
mo

2
poF0D U

r 50

, ~31!

gp5h0~0!1S moC 0
0uo2xoA 0

0uo

moxo
poF0DU

r 50

.

~32!

It is convenient to define the new variablem0
5rv0 /exp(l). Because we must havej0(0)50, thenh0(0)
andF0(0) are related via

~monoh0!ur 501~xopoF0!ur 5050. ~33!

Regularity at the center of the star also requires thatm0(0)
50, buth0(0) andh0(0), say, arefreely specified.

As for the O(Vn,p
2 ), l 52 equations, in addition to Eq

~16!, we have

05
B 0

0uono

mo
h21

A 0
0uopo

mo
F22

r 2

3en

po

mo

3S Ao1no

]A
]n U

o

1nopo

]A
]x2U

o
D ~Vn2Vp!2

1
r 2

3en
L̃n

21h2 , ~34!

05
C 0

0uopo

xo
F21

A 0
0uono

xo
h22

r 2

3en

no

xo

3S Ao1po

]A
]p U

o

1nopo

]A
]x2U

o
D ~Vn2Vp!2

1
r 2

3en
L̃p

21h2 , ~35!
12300
-

v21h25
r 4

6en1l
~ L̃n8!21

8pr 4

3en
~Co2Lo!L̃n

2

1
8pr 4

3en
@xopo~Vn2Vp!~ L̃n1L̃p!

2Aonopo~Vn2Vp!2#, ~36!

05
1

r
~v21h2!2~k21h2!82

n8

2
~h22v2!, ~37!

05
2

rel
h282

6

r 2
h22

2

rel S n81
1

r D v2

1
1

el S n81
2

r D k282
4

r 2
k22

r 2

6en1l
~ L̃n8!2

18pF ~Co2Lo!h21
r 2

3en
~monoL̃n

21xopoL̃p
2!

2
r 2

3en
nopoAo~Vn2Vp!2G . ~38!

In contrast to thel 50 case, the condition thatj2(0)50 at
the center of the star leads toh2(0)505F2(0). Also note
that Eq.~36! can be used to removev2 in terms of the func-
tionsh2 andL̃n,p . It is furthermore convenient to work with
the new variablek̃5h21k2 @31#. Regularity at the center o
the star implies thath2(r );c1r 2 and k̃(r );c2r 4 as r→0,
where the constantsc1 andc2 are related by

c112pS Co~0!2
1

3
Lo~0! D c250. ~39!

We can take advantage of an overall scale invariance
the field equations to remove the explicit dependence on b
Vn andVp by dividing through byVp , the net result being
that only the ratioVn /Vp needs to be specified in advanc
As for the other parameters, they are chosen so that the
lutions obtained join smoothly to a vacuum exterior. Fol
50, after Vn /Vp and h0(0) are specified, this means
search overh0(0) is performed until a smooth solution i
achieved. Forl 52, the situation is slightly more involved
requiring that homogeneous and then particular solutions
obtained for the set (h2 ,k̃) ~see@18# for more details!. By
searching overc1, say, and also trying different linear com
binations of homogeneous and particular solutions eve
ally smoothness with the vacuum exterior can be achiev

Having obtained a complete solution, the rotationally
duced change to the mass can be determined using

dM5~R22M !v0~R!1
J2

R3
. ~40!

Also the rotationally induced changes to the neutron a
proton particle numbers are obtained, respectively, from
9-5
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dNn5E
0

R

drr 2el/2noS h01v01Fl8

2
1

2

r Gj01
2r 2

3en
L̃n

2D ~41!

and

dNp5E
0

R

drr 2el/2poS F01v01Fl8

2
1

2

r Gj01
2r 2

3en
L̃p

2D . ~42!

Finally, the Kepler frequencyVK is calculated~cf. @32# and
@18#! using the slow-rotation form of

VK5
Nv

AK
1v, ~43!

where the metric variables are those of Eq.~7! and

v5
K3/2v8

NK8
1A2KN8

NK8
1S K3/2v8

NK8
D 2

~44!

is the orbital velocity according to a zero-angular moment
observer at the equator~where all quantities are to be evalu
ated!. In the slow rotation approximation, the Kepler limit
the solution to

VK5AM

R3
2

ĴVp

R3
1AM

R H dM̂

2M
1

~R13M !~3R22M !

4R4M2
Ĵ2

2
3

4

2ĵ01 ĵ2

R2
1aÂJ Vp

2, ~45!

where we have made the scaling withVp explicit by intro-
ducingJ5 ĴVp , etc., and have also defined

a5
3~R322M3!

4M3
logS 12

2M

R D
1

3R423R3M22R2M228RM316M4

2RM2~R22M !
. ~46!

In solving Eq. ~45! we fix first the ratio Vn /Vp . If
uVn /Vpu,1, then we insertVK5Vp and solve forVp ,
otherwise we setVK5(Vn /Vp)Vp and then again solve fo
Vp .

D. Analytic expansion for the local matter content

Before proceeding to the next section that describes
mean field approach, one final observation needs to be m
We see in the equations above the appearance of not onl
entrainment, via theA coefficient, but also the relative
velocity-dependent part of the entrainment, through the te
]A/]x2. A priori one needs a formalism for the matter th
will determine this term, if the effects of a relative rotatio
between the neutrons and protons are to be consistentl
corporated. The mean field formalism presented in Sec
can do just that. However, before embarking on a fu
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fledged calculation, it is very worthwhile to consider next t
implications of the slow rotation expansion for the mas
function.

The term]A/]x2 would seem to imply, at least in prin
ciple, that we need to know the master function toO(x4).
Consider, then, regions of the matter~i.e., fluid elements!
that are local enough that their spacetime can be taken t
that of Minkowski, so that we can write out thex2 term
explicitly as

x25npS 12vW n•vW p /c2

A12~vn /c!2A12~vp /c!2D , ~47!

where vW n and vW p are the neutron and proton, respective
three-velocities in the local Minkowski frame. We see fro
this that when the individual three-velocitiesvW n,p satisfy
vn,p /c!1, thenx2'np to leading order in the ratiosvn /c
andvp /c.

With this as motivation we write an analytic expansion f
the master function of the form@8,13#

L~n2,p2,x2!5(
i 50

`

l i~n2,p2!~x22np! i . ~48!

The A, A 0
0, etc. coefficients that appear in the field equ

tions can now be written as

A52l12(
i 52

`

il i~x22np! i 21, ~49!

B52
1

n

]l0

]n
2

p

n
A2

1

n (
i 51

`
]l i

]n
~x22np! i , ~50!

C52
1

p

]l0

]p
2

n

p
A2

1

p (
i 51

`
]l i

]p
~x22np! i , ~51!

A 0
052

]2l0

]p]n
2(

i 51

`
]2l i

]p]n
~x22np! i , ~52!

B 0
052

]2l0

]n2
2(

i 51

`
]2l i

]n2
~x22np! i , ~53!

C 0
052

]2l0

]p2
2(

i 51

`
]2l i

]p2
~x22np! i , ~54!

]A
]n

52
]l1

]n
2(

i 52

`

i S ]l i

]n
@x22np#2@ i 21#pl i D

3~x22np! i 22, ~55!

]A
]p

52
]l1

]p
2(

i 52

`

i S ]l i

]p
@x22np#2@ i 21#nl i D

3~x22np! i 22, ~56!
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]A
]x2

522l22(
i 53

`

i ~ i 21!l i~x22np! i 22. ~57!

We conclude from this expansion that the master funct
coefficientsl0 , l1, and l2 uniquely determine the back
ground values for all the matter coefficients—i.e.,Ao , Bo ,
etc.—that enter the field equations. In particular, if we ne
to know l2 then we need to know the master function to
leastO(x4). However, the particular combinations that co
tain ]A/]x2 that enter the field equations are seen to red
to

A1n
]A
]n

1np
]A
]x2

52l12n
]l1

]n

2(
i 52

` S l i1n
]l i

]n D ~x22np! i 21, ~58!

A1p
]A
]p

1np
]A
]x2

52l12p
]l1

]p

2(
i 52

` S l i1p
]l i

]p D ~x22np! i 21. ~59!

That is, these combinations involve only thel1 coefficient
when evaluated on the background. This, in fact, makes
fect sense since the slow rotation approximation is
O(Vn,p

2 ), which naturally corresponds to the term in th
master function proportional tox22np.

III. THE s-v RELATIVISTIC MEAN FIELD MODEL

The master function to be used has been obtained usi
relativistic s-v mean field model of the type described b
Glendenning@16#. The Lagrangian for this system is give
by

L5Lb1Ls1Lv1Lint , ~60!

where

Lb5c̄~ igm]m2m!c, ~61!

Ls52
1

2
]ms]ms2

1

2
ms

2s2, ~62!

Lv52
1

4
vmnvmn2

1

2
mv

2 vmvm, ~63!

Lint5gssc̄c2gvvmc̄gmc. ~64!

Herem is the baryon mass,c is an 8-component spinor with
the proton components as the top 4 and the neutron com
nents as the bottom 4, thegm are the corresponding 838
block diagonal Dirac matrices, andvmn5]mvn2]nvm . The
coupled set of field equations obtained from this Lagrang
12300
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are to be solved in each fluid element of the neutron star.
main approximations of the mean field approach are to
sume that the nucleons can be represented as plane-
states and that all gradients of thes and vm fields can be
ignored. The coupling constantsgs andgv and field masses
ms andmv are determined, for instance, from properties
nuclear matter at the nuclear saturation density. Fortuna
in what follows, we only need to give the ratioscs

2

5(gs /ms)2 andcv
2 5(gv /mv)2.

Of course, the main consideration is to produce a ma
function that incorporates the entrainment effect. Consi
again fluid elements somewhere in the neutron star. The
mionic nature of the nucleons means that they are to
placed into the various energy levels~obtained from the
mean field calculation! until their respective~local! Fermi
spheres are filled. The Fermi spheres are best visualize
momentum space, as in Fig. 1. The entrainment is incor
rated by displacing the center of the proton Fermi sph
from that of the neutron Fermi sphere, also illustrated in F
1. The neutron sphere is centered on the origin, and ha
radius kn . Displaced an amountK from the origin is the
center of the proton sphere, which has a radiuskp . The
Fermi sphere radii and displacement (kn ,kp ,K) are func-
tions of the local neutron and proton number densities
the local, relative velocity of the protons, say, with respect
the neutrons.

Introducing the definitions

fn[gvvz, fp[fn1K, ~65!

then the master function takes the form@8#

L52
cv

2

18p4
~kn

31kp
3!21

1

2cv
2

fn
22

1

2cs
2 ~m22m

*
2 !

23^C̄gxkxC&, ~66!

where

FIG. 1. The neutron and proton Fermi spheres drawn in mom
tum space. The neutron sphere is centered at the origin and
radiuskn , whereas the proton sphere has radiuskp and its center
has been displaced an amountK from the origin.
9-7
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^C̄gxkxC&5
1

12p2 S E
2kn

kn
dkz@~kn

222m
*
2 22fn

223kz
2

24fnkz!~kn
21fn

21m
*
2 12fnkz!

1/212~@kz

1fn#21m
*
2 !3/2#1E

2kp

kp
dkz@~kp

222m
*
2 22fp

2

23kz
224fpkz!~kp

21fp
21m

*
2 12fpkz!

1/2

12~@kz1fp#21m
*
2 !3/2# D , ~67!

m* 5m2
cs

2

2p2
m* S E

2kn

kn
dkz@kn

21fn
21m

*
2

12fnkz#
1/21E

2kp

kp
dkz@kp

21fp
21m

*
2

12fpkz#
1/22E

2kn

kn
dkz@~kz1fn!21m

*
2 #1/2

2E
2kp

kp
dkz@~kz1fp!21m

*
2 #1/2D , ~68!

n05
1

3p2
kn

3 , ~69!

p05
1

3p2
kp

3 , ~70!

nz5
1

2p2E2kn

kn
dkz~kz1fn!~@kn

21m
*
2 1fn

2

12fnkz#
1/22@~kz1fn!21m

*
2 #1/2!, ~71!

pz5
1

2p2E2kp

kp
dkz~kz1fp!~@kp

21m
*
2 1fp

2

12fpkz#
1/22@~kz1fp!21m

*
2 #1/2!, ~72!

fn52cv
2 ~nz1pz!. ~73!

As applied to this system, the slow-rotation approximat
means thatK is small with respect tokn,p . In particular, we
should keep terms up to and includingO(K2).

Implementation of the mean-field approach is hampe
by the fact that the most natural variables for it are the m
menta (kn ,kp ,K), whereas the general relativistic superflu
formalism relies on (n2,p2,x2). The two sets are related t
each other via the kinematic relations

n25~n0!22~nz!2, p25~p0!22~pz!2, x25n0p02nzpz,
~74!

wheren0, p0, nz, andpz are given above in Eqs.~69!, ~70!,
~71!, and~72!. In principle one would specify values for th
12300
n

d
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set (n2,p2,x2), and then use Eqs.~69!, ~70!, ~71!, and~72! in
Eq. ~74! to determine the set (kn ,kp ,K). One would then
solve Eq.~68! for the Dirac effective massm* . In practice
we rewrite the field equations so as to solve directly
(kn ,kp ,K).

Earlier we discussed the slow-rotation approximation a
applies to the master function, and determined that we n
to know thel0 and l1 coefficients. Comer and Joynt@8#
have shown that

l052
cv

2

18p4
~kn

31kp
3!22

1

4p2
~kn

3Akn
21m* uo2

1kp
3Akp

21m* uo
2!2

1

4cs
2 ~2m2m* uo!~m2m* uo!

2
1

8p2 S mekp@2kp1me#Akp
21me

2

2me
4lnFkp1Akp

21me
2

me
G D , ~75!

l152cv
2 2

cv
2

5mo
2 S 2kp

2
Akn

21m* uo
2

Akp
21m* uo2

1
cv

2

3p2

3F kn
2kp

3

Akn
21m* uo2

1
kp

2kn
3

Akp
21m* uo2G D

2
3p2kp

2

5mo
2kn

3

kn
21m* uo

2

Akp
21m* uo2

, ~76!

wherem* uo is the solution to the transcendental equation

m* uo5m2m* uo
cs

2

2p2 S knAkn
21m* uo21kpAkp

21m* uo2

2
1

2
m* U

o

2

lnF kn1Akn
21m* uo2

2kn1Akn
21m* uo

2G
2

1

2
m* U

o

2

lnF kp1Akp
21m* uo

2

2kp1Akp021m* uo
2G D ~77!

and we have added tol0 the contributions due to the elec
trons (me5m/1836). This is necessary to obtain a cent

TABLE I. The canonical background models used here and
Comer and Joynt@8#.

Model I Model II

(gs /ms)2512.684 (gs /ms)258.403
(gv /mv)257.148 (gv /mv)254.233
n(0)522.316408 n(0)522.288385
kn(0)52.8 fm21 kn(0)53.25 fm21

xp(0)50.101 xp(0)50.102
M52.509M ( M51.996M (

R511.696 km R59.432 km
h0(0)50 h0(0)50
9-8
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proton fractionpo(0)/„po(0)1no(0)… of about 0.1, which is
considered typical for neutron stars.

In order to solve for the background, we note that

no5
kn

3

3p2
, po5

kp
3

3p2
. ~78!

That is, we replace everywhere the background neutron
proton number densities with their respective Fermi m
menta. Once the Fermi momenta are specified, we can
determine the background value for the Dirac effective ma
i.e. m* uo , from Eq. ~77!. However, Comer and Joynt foun
that numerical solutions were easier to obtain by turning
~77! into a differential equation using the identity

m* uo85
]m* uo
]kn

kn81
]m* uo
]kp

kp8 , ~79!

and wherekn8 andkp8 are to be obtained simultaneously usi
Eq. ~20!. The partial derivatives of the Dirac effective ma
can be found in the Appendix, along with the other mat
coefficients.

IV. NUMERICAL RESULTS

In this section we present numerical solutions to the s
rotation equations. The two canonical background configu
tions ~see Table I! that will be used repeatedly are the sam
as those used by Comer and Joynt@8#. They are such that the
neutron and proton number densities vanish on the same
face. They are also such that chemical equilibrium has b

FIG. 2. The metric functionsh0(r )—the 3 lower curves—and
h2(r )—the 3 upper curves—vsr for models I ~left panel! and II
~right panel! of Table I. The relative rotation rates are varie
(Vn /Vp50.7, 1.0, 1.3!.

FIG. 3. The metric functionm0(r )5rv0(r )/exp„l(r )… vs r for
models I ~left panel! and II ~right panel! of Table I. The relative
rotation rates are varied (Vn /Vp50.7, 1.0, 1.3!.
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imposed, which implies that the proton number density at
center of the star is no longer a free parameter. We do
apply chemical equilibrium for the rotating configuration
since Andersson and Comer@18# have shown it is not con-
sistent with rigid rotation. The two sets of parameter valu
for the mean field model given in Table I represent the t
extremes discussed by Glendenning@16#. For all of the solu-
tions we will seth0(0)50 which implies also thatF0(0)
50.

To begin we will give plots of the various field radia
profiles for varying relative rotation rates ofVn /Vp

50.7,1.0,1.3. These fall within the range of rates that w
considered earlier by Comer and Joynt@8#, who determined
the frame-dragging and the angular momenta~cf. their Figs.
4 and 5!. Picking up at the second order, we present in Fig
a plot ofh0(r ) vs r for several relative rotation rates and fo
models I~left panel! and II ~right panel! of Table I. Similarly
in Fig. 3 we show a plot ofm0(r )5rv0(r )/exp„l(r )… vs r

and in Fig. 4 we havek̃(r )5h2(r )1k2(r ) vs r. Figure 5
shows the radial profiles ofj0(r ) andj2(r ). Figures 6 and 7
show the radial profiles ofh0(r ) andh2(r ) andF0(r ) and
F2(r ), respectively.@We do not show plots ofv2(r ) since it
can be removed in terms ofh2(r ) and L̃n,p(r ).#

Andersson and Comer@18# used a simplified equation o
state~i.e. a sum of polytropes! and did not include entrain
ment and thus a direct comparison between our solutions
theirs would not be expected to yield the same details. T
being said, there are some qualitative similarities. For
stance, the signs of thel 50 fields versus thel 52 fields are

FIG. 4. The combinationk̃(r )5h2(r )1k2(r ) vs r for models I
~left panel! and II ~right panel! of Table I. The relative rotation rate
are varied (Vn /Vp50.7, 1.0, 1.3!.

FIG. 5. The radial displacementsj0(r )—the 3 upper curves—
andj2(r )—the 3 lower curves—vsr for models I~left panel! and II
~right panel! of Table I. The relative rotation rates are varie
(Vn /Vp50.7, 1.0, 1.3!.
9-9
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in agreement, as are the number of zeroes that occur in
fields. The most pronounced qualitative differences are fo
in the functionsF0(r ) and F2(r ), especially near the sur
face of the star. This could perhaps be related to our use o
explicit term for the electrons in the equation of state.

In Fig. 8 we have graphed the total mass for proton ro
tion rates that equal the fastest known pulsar~i.e., Vp
53900 rad/s) versus the background central neutron num
density. The left panel is for model I of Table I and the rig
panel is for model II. In both plots the relative rotation ra
Vn /Vp of the neutrons with respect to the protons is a
varied. Generally speaking, stars that are spun up with
changing the total baryon number move upward and to
left in the figure. We find that we recover the so-called ‘‘s
pramassive’’ configurations first discussed by Cooket al.
@33#. These are stars whose central densities go beyond
maximum allowed for stable, non-rotating configurations a
yet still remain on the stable~upward! branches of their par
ticular mass vs central density curves. These configurat
are stablized by their rotation.

Figure 9 gives plots of the ratio of the polar@i.e., Rp5R
1j(R,0)] to equatorial@i.e., Re5R1j(R,p/2)] radii, versus
the relative rotation rateVn /Vp for the canonical back-
grounds given in models I and II of Table I and assumin
proton rotation rate of the fastest known pulsar. Up to a
including O(Vn,p

2 ) we have

Rp

Re
511

3

2

j2~R!

R
. ~80!

FIG. 7. The proton density correctionspo(r )F0(r )—the 3 up-
permost curves atr /R51—and po(r )F2(r )—the 3 lowermost
curves atr /R51—vs r for models I~left panel! and II ~right panel!
of Table I. The relative rotation rates are varied (Vn /Vp50.7,
1.0, 1.3!.

FIG. 6. The neutron density correctionsno(r )h0(r )—the 3 up-
per curves—andno(r )h2(r )—the 3 lower curves—vsr for models
I ~left panel! and II ~right panel! of Table I. The relative rotation
rates are varied (Vn /Vp50.7, 1.0, 1.3!.
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We see a general overall quadratic behavior in the rela
rotation, which is expected for the slow rotation expansi
Also expected is the limiting value ofRp /Re51 asVn /Vp
→0. Since the neutrons and protons have been constra
to vanish on the same surface, we do not find configurati
like those of@12,14# whereby the neutrons, say, can exte
out further than the protons.

Figure 10 is a graph of the Kepler~or mass-shedding!
limit VK versus the relative rotation rate for the canonic
background configurations of Table I. Two competing facto
are the amount of mass of the star that is in neutrons ve
the relative rotation rate. For instance, forVn /Vp.1 the
Kepler limit is seen to be essentially flat. This can be eas
understood as a result of the fact that the neutrons repre
nearly 90% of the mass of the system, and so the Ke
limit changes very little as the relative rotation is increas
Such behavior has also been seen in the analytical solutio
Prix et al. @12#, and the numerical results of Andersson a
Comer@18#. The clear difference with the previous work
the general decrease in the Kepler limit as the relative ro
tion is decreased below one. Prixet al. and Andersson and
Comer found that the Kepler limit increased monotonica
as the relative rotation was decreased. They explained th

FIG. 8. The total mass as a function of central neutron num
density for models I~left panel! and II ~right panel! of Table I
~usingVp53900 rad/s). The relative rotation rates are also vari
i.e. Vn /Vp50, 0.7, 1.0, 1.3.

FIG. 9. The ratioRp /Re as a function of the relative rotation
rateVn /Vp for the canonical background configurations of mod
I and II of Table I and settingVp53900 rad/s.
9-10
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SLOWLY ROTATING GENERAL RELATIVISTIC . . . PHYSICAL REVIEW D 69, 123009 ~2004!
a result of the fact that most of the mass is in the neutro
and as the relative rotation is decreased, the Kepler lim
approaching the non-rotating value. As one can see in Fig
eventually a minimum is reached, and beyond that the
pler limit then starts to increase as the relative rotation
decreased. It just does not exhibit the monotonic increas
the earlier studies. The main differences with the two ear
studies are that here we use the mean field formalism for
equation of state—the previous two studies used simpli
polytropes—and the entrainment is both relativistic and a
has a nontrivial radial profile~cf. Figs. 2 and 3 of@8#!,
whereas the relevant entrainment parameter is kept con
in Prix et al. and taken to be zero in Andersson and Com

V. CONCLUSIONS

The earlier work of Comer and Joynt@8# laid the founda-
tions for a fully relativistic approach to entrainment in sup
fluid neutron stars. They applied their formalism to first ord
in the rotational rates, and determined the impact of a r
tive rotation on the frame-dragging and the angular mome
of the two fluids. We have expanded on this work by exte
ing the calculations to second order in the rotation rates,
have determined for the first time the maximum mass, sh
and Kepler limit using a fully relativistic formulation fo
entrainment and allowing a relative rotation between the
fluids.

An important extension of our work will be to includ
isotopic spin terms in the master function@16#. These are
important for incorporating symmetry energy effects whi
tend to force baryonic systems to have as many proton
neutrons. Obviously nuclei tend to have equal numbers
neutrons and protons, and so this is why a symmetry en
term is an important addition to the equation of state.
terms of neutron stars, Prixet al. @12# have shown clearly
that symmetry energy impacts rotational equlibria~e.g., el-
lipticity, the Kepler limit, and moment of inertia! as the rela-
tive rotation is varied.

The next application we have in mind is to study qua
normal modes on slowly rotating backgrounds. Anders

FIG. 10. The Kepler mass-shedding limit as a function of
relative rotation rateVn /Vp for the canonical background configu
rations of models I and II of Table I.
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and Comer@34# ~see also@13#! have shown that a suitabl
advanced gravitational wave detector should be able to
gravitational waves emitted during Vela or Crab-lik
glitches. Such observations could provide potentially uniq
information on the supranuclear equation of state and
parameters that govern entrainment. Another important
plication will be to study further the recently discovered tw
stream instability@35,36#. It is the direct analog for superflu
ids of the instability of the same name known to exist
plasmas@37,38#. Finally, our results should also find som
application in studies of vortex structure in neutron sta
Link @39# has suggested that free precession in neutron s
is not compatible with the protons behaving as a type
superconductor. This should be explored in more detail
allowing for the effect of entrainment.
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APPENDIX

For convenience, we list here the various matter coe
cients that are required as input in the field equations:

Auo5cv
2 1

cv
2

5mo
2 S 2kp

2
Akn

21m* uo2

Akp
21m* uo2

1
cv

2

3p2 F kn
2kp

3

Akn
21m* uo

2

1
kp

2kn
3

Akp
21m*

U
o

2G D 1
3p2kp

2

5mo
2kn

3

kn
21m* uo2

Akp
21m* uo

2
, ~A1!

Buo5
3p2mo

kn
3

2cv
2
kp

3

kn
3

2
cv

2 kp
3

5mo
2kn

3 S 2kp
2
Akn

21m* uo
2

Akp
21m* uo

2
1

cv
2

3p2

3 F kn
2kp

3

Akn
21m* uo

2
1

kp
2kn

3

Akp
21m*

U
o

2G D
2

3p2kp
5

5mo
2kn

6

kn
21m* uo2

Akp
21m* uo

2
, ~A2!

Cuo5
3p2xo

kp
3

2cv
2
kn

3

kp
3

2
cv

2 kn
3

5mo
2kp

3 S 2kp
2
Akn

21m* uo2
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where
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The two functionsmo and xo are the background value
for the two chemical potentials:

mo5
cv

2

3p2
~kn

31kp
3!1Akn

21m* uo2,

xo5
cv

2

3p2
~kn

31kp
3!1Akp

21m* o
2. ~A9!

Chemical equilibrium for the background meansmo5xo

1Akp
21me

2 must be imposed. Given a value forkn(0) then
kp(0) can be determined. Using these then the initial va
for the Dirac effective mass can be obtained from Eq.~77! so
that Eq.~79! can be integrated.
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