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Slowly rotating general relativistic superfluid neutron stars with relativistic entrainment

G. L. Comef
Department of Physics, Saint Louis University, St. Louis, Missouri 63156-0907, USA
(Received 2 February 2004; published 29 June 2004

Neutron stars that are cold enough should have two or more superfluids or supercondutors in their inner
crusts and cores. The implication of superfluidity or superconductivity for equilibrium and dynamical neutron
star states is that each individual particle species that forms a condensate must have its own, independent
number density current and equation of motion that determines that current. An important consequence of the
quasiparticle nature of each condensate is the so-called entrainment effect; i.e., the momentum of a condensate
is a linear combination of its own current and those of the other condensates. We present here the first fully
relativistic modeling of slowly rotating superfluid neutron stars with entrainment that is accurate to the second-
order in the rotation rates. The stars consist of superfluid neutrons, superconducting protons, and a highly
degenerate, relativistic gas of electrons. We use a relativisticmean field model for the equation of state of
the matter and the entrainment. We determine the effect of a relative rotation between the neutrons and protons
on a star’s total mass, shape, and Kepler, mass-shedding limit.

DOI: 10.1103/PhysRevD.69.123009 PACS nuni§er97.60.Jd, 47.75:f, 95.30.5f

[. INTRODUCTION bounces is significantly smaller than the range found for the
Newtonian cas¢9]. The use of general relativistic hydrody-
There is now an extended body of evidence in support ohamics has also led to predictions of the shock ragiusing
superfluidity in dense, nucleonic matter, such as that which ithe shock reheating phadeeing reduced by a factor of two
believed to exist in neutron stars. Using conservative estiand a corresponding increase by a factor of two for the in-
mates one can argue for a Fermi temperature on the order ibw speed of the material behind the shddk]. Certainly
10*2K for neutrons in media with supranuclear densities,the need to use general relativity must only be enhanced as
and that the transition temperature to a superfluid state isupernova remnants become more compact.
about 18 K. This is a significant fact since it is generally ~ Weber[11] provides an excellent overview of the many
accepted that nascent neutron stars formed from supernovaaggestions for the matter content of these remnants, the
should cool fairly quickly, and consequently their internal neutron stars. They range from the traditional neutron, pro-
temperatures should pass quickly through the transitioon, and electron models to more exotic configurations with
value. Observational support for such transitions is supplieétaon or muon condensates in the core, or hyperons, or even
by the well established glitch phenomenon in puldarg]. strange stars with absolutely stahled, s quark matter. In
These are rapid decreases in the rotational periods followedur study we will be somewhat conservative by considering
by a slow recoven|3], much too slow to be explained by typical traditional neutron star models, composed of super-
ordinary fluid viscosity{4]. The best description is based on fluid neutrons, superconducting protofwith proton frac-
superfluid quantized vortices, and how they pin, unpin andions on the order of 109 and a highly degenerate relativ-
then repin as the pulsar’s rotation rate evolyBs-7]. We istic gas of electrons. Each species extends from the center of
present here a fully relativistic formalism to model the rota-the star all the way to the surface, although in principle one
tional properties of superfluid neutron stars within a slowcould consider a more realistic scenario wherein the protons
rotation approximation, which is an extension to second orand electrons extend out further than the neutidi®s-14
der in the rotation rates the previous work of Comer andand in that way mimic features of a crust. This same tech-
Joynt[8]. nique could be applied in neutron star cores, allowing for the
The bulk of the studies of neutron star superfluidity havepossibility of alternating regions of ordinary fluid and super-
been in the Newtonian regime, where the intent is not to beluid.
guantitatively descriptive but rather to gain qualitative under- The local thermodynamic equilibrium of the matter will
standings. However, it is becoming increasingly apparenbe modelled using a relativistie-o mean field approach of
that general relativity is required to obtain even qualitativethe type that is attributed to Waleck&5] and discussed in
understandings. And even if the qualitative does not varydetail for neutron stars by Glendennifitg]. We consider a
between the two regimes, the number of examples is growrelativistic approach to be important on two different levels.
ing where general relativity can yield factors of two differ- On the macroscopic level there is the need for general rela-
ence from Newtonian calculatiorfas opposed to “merely” tivity that was discussed above. But on a microscopic level,
20% to 30% corrections For example, recent modeling of recall that any fluid approximation for matter has built into it
supernovae has revealed that when general relativity is inthe notion of local, fluid elements. They are small enough
cluded the range of model parameters that exhibit multiplehat they can be considered to be points with respect to the
rest of the star, and yet large enough to contain, say, an
Avogadro’s number of particles. At the densities expected for
*Electronic address: comergl@slu.edu neutron stars, the local, Fermi levels for the nucleons can
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become high enough that the effective velocities of thea relative rotation One other straightforward, but important,
nucleons with respect to their fluid elements are relativisticextension here of the work of Comer and Joynt is a proof
As for the fluid elements themselves, they can also, in printhat the matter coefficients obtained by them are sufficient

ciple, approach speeds near that of light, although in practicér our second order calculations.

(e.g. for quasinormal modé 3,17 or slow rotation calcula- In order to have a reasonably self-contained document,
tions[8,18]) they will typically have speeds a few percent of and to define all the variables, we review in Sec. Il the gen-
that of light. eral relativistic superfluid formalism and its application to

Because of the superfluidity of the neutrons, and super§|0W|y rotating neutror_1 _stars. It i§ in this section that we
conductivity of the protons, the fluid formalism to be usedProve the matter coefficients obtained by Comer and Joynt
differs fundamentally from the standard perfect fluid ap-are all that |s_needed for t.he gxtensmn to secqn_d .order. In
proach in that the neutrons can flow independently of the>€C- Il we discuss the highlights of the relativisticw
protons and electrons. There are thus two fluid degrees dfodel and its mean field limit. We also determine the mod-
freedom in the system, requiring two sets of fluid elements€l’s slqw rotauon limit. In Sec. IV we join the slow rotatlo'n
one set for the neutrons and another for the charged constitt@rmalism with the mean field model and produce numerical
ents since the electromagnetic interaction very effectivelygolutions. After reviewing the main results, the final, con-
“ties” the electrons to the protons. The matter description,C|Ud'”g section d|_scusses applications beyond those con_S|d—
therefore, must take into account two Fermi levels for the€red here and points out where the formalism should be im-
nucleons, and a displacement in momentum space betwe®foved. For convenience we have restated in the appendix
their respective Fermi spheres that will result when one fluid©Sults of Comer and Joynt for the various matter coefficients
flows with respect to the other. The specification of a locaithat are required input for the field equations. We use
thermodynamic equilibrium for the two fluids requires that MTW" [22] conventions throughout and geometrical units.
the local neutron and “proton(i.e., a conglomeration of the
protons and electronsiumber densities be known as well as Il. GENERAL RELATIVISTIC SUPERFLUID FORMALISM
the local, relative velocity of the proton fluid elements, say, AND SLOW ROTATION
with respect to those of the neutrons.

When the Fermi spheres for the nucleons are displaced
with respect to each other there results an important effect We will use the formalism developed by Carter, Langlois,
for neutron star dynamics known as entrainme®]. Sauls and their various collaboratorg7,18,23—-3Q The funda-
[20] describes the entrainment effect using quasiparticle lanmental fluid variables consist of the conserved neutén
guage, i.e. just because the neutrons are superfluid and prand protonp* number density currents, from which are
tons superconducting does not mean they no longer feel tHormed the three scalar€= —n,n*, p?=—p, p*, andx?
strong force. On the contrary, an individual neutron should= —p,n*. Given a master functior- A(n?,p?x?) (i.e., the
be understood as being surrounded by a polarization cloud sfuperfluid analog of the equation of statthen the stress-
other neutrons and protons. When this neutron moves, it wilenergy tensor is
be accompanied by this cloud of nucleons. The net effect at
the level of the fluid elements is that the momentum of a Ty=wo,+n"u,+p“x,, 1)
neutron fluid element is a linear combination of the neutron
and proton number density currents. Parameters that are infYN€re
portant for entrainment in neutron stars have been calculated
in the Newtonian regime using a Fermi-liquid approf2h]|
and in the relativistic regime via@-» mean field mod€|8].
Comer and Joyrit8] find that one of the key parameters that
has been much used in superfluid neutron star modeling ex-
tends over a much larger range of values than what the New-

tonian analysis of Borumanet al. would imply [21]. are the chemical potential covectors which also function as

Comer and Joynt also used their formalism to obtain firstthe respective momenta for the fluid elements. TheB

Ord‘?F rptaﬂonal corrchons to a superfllu!d neutron star SandC coefficients are obtained from the master function via
equilibrium state, which for general relativity means deter

mining the frame-dragging, and the angular momentum. Wéhe partial derivatives

will extend those calculations to the second order in the ro- A A A

tation rates, and thereby determine rotational corrections to A=— A - _2‘9_ C= _2‘9__ (4)

the metric, distribution of particles, the total mass, shape, and ax2’ an?’ ap?

the Kepler, mass-shedding limit. We construct sequences of

equilibrium configurations where members of the sequenc@&he fact that the neutron momentyam), , say, is not simply
have the same relative rotation between the neutrons angroportional to its number density curremt is a result of
protons but are distinguished by their central neutron numbegntrainment between the neutrons and protons, which we see
densities. We also construct sequences where the central natanishes if thed coefficient is zero.

tron number density is fixed and the relative rotation is al- Finally the equations for the neutrons and protons consist
lowed to vary(cf. [12,18 for discussions on when to expect of the two conservation equations

A. The full formalism

\II:A_anp_prp (2)
is the generalized pressure and

ILLV:BnV—"_‘ApV’ XV:AnV+CpV’ (3)
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V,n#=0, V,p*=0, (5) wherew is understood to be ab({}, ;) andh, v, andk of
O(Q p)- For later convenience we will also introduce
and the two Euler equations
Li=0—Q, and Ly=0—Q,. (12)
nMV[,LLMV]:O’ p'uV[,uXV]:OI (6) " " P P
The expansion for the neutron and proton number densities

where the square braces mean antisymmetrization of the en
andp, respectively, are written as

closed indices. Com€i30] and Prix et al. [12] discuss in
some detail why the assumption of separate conservation for _ n _ "
the two fluids should be reasonable for slow rotation and N=No(NA+7(r.0),  P=pr)(L+I(r.6)), (12

quasinormal mode calculations. where the terms; and® are understood to be @(Q2 )

and we have introduced the convention that terms with an
B. The slow-rotation expansions “0” subscript are either contributions from the non-rotating
Andersson and Comé¢1.8] have adapted to the superfluid background or quant|t|es that are evaluated on the non-
case the ordinary fluid slow rotation scheme originally de-fotating backgrounde.g.x3=n,p, etc). One can show fur-
veloped by Hartl¢31]. The configurations are assumed to bethermore that the metric correctiohsv, andk can be de-

axisymmetric, asymptotically flat, and stationary, with thecomposed into I'=0" and “I=2" terms using Legendre
metric taking the form polynomials for the angular dependence, i.e.,
9,.,0x#dx"= — (N?—sin?0K[N¢]?)dt?+ Vdr? h=hy(r)+h,(r)P,(cosé),

9 & 2.0 i 2
2 sirf 9KN?dtdep+ K (de?+ sirf8dep?).  (7) b =0g(F)+05(F)P(cOSH).

The neutrons and protons are assumed to be rigidly rotating

about the symmetry axis, with raté3, and Q,, respec- k=ka(r)P5(cosb), (13

tively, and unit four-velocities written as .
y where P,(cos6)=(3 cog6—1)/2. As well we can write for

- th+ Q, the matter corrections
INZ=SsirPoK(N?—Q )2’ 7=10(r)+ 72(r)P,(cosh), ®=Dy(r)+D,(r)P,(cosb).
(14
t“+ Qpo* .
ug= — 5 5 (8) Lastly, Andersson and Comgt8] have introduced a co-
YN?—sirf 6K (N —Qp) ordinate transformation—r + &(r, ) that maps constant en-

ergy surfacedi.e., the level surfaces aoh,) for the non-
rotating background into the rotationally modified constant
energy surfaces. The mappidgs given as

wheret* is the Killing vector associated with the stationarity,
and ¢* with the axisymmetry.

The slow-rotation approximation assumes the rotation
rates(), and (), are small in the sense that they should 2

respect the inequalitieef. [18,31)) HoNo70+ XoPoP o+ ——AgoPo( Xy —Q,)2=Al%
3e”

oMo a5
R’

where the speed of light and Newton’s constan® have
been restored, and andR are the mass and radius, respec- _ _ 2_ At
tively, of the non-rotating configuration. Becau&/c?R HoNo?72F XoPo®P2 3eVA0nopo(Qn Qp)=Agés,
<1, the inequalities naturally implf2,R<c and(),R<c. (16)
The slow-rotation scheme has been shown, for instance in

Prix et al. [12], to be a very good approximation for the wherew,=Byny+ AqP, and xo,=CoPot AgNo-

fastest known pulsar, and starts to fail by about 15% to 20%

for stars rotating at their Kepler limit. C. The slow-rotation equations

In the same manner as Hartle, the metric is expanded like . . . .
P No different in number, but different in form from the

Q2 or QZ or 0,0 <(R)
for |=0 and forl=2

N=e""2(1+nh(r,0)), ordinary fluid case considered by Hartle, the Einstein and
superfluid field equations reduce to four sdts:the nonro-
V=e"(1+2u(r,0)), tating background that determines\, n,, andp,, (ii) the
linear order that calculates the “frame-dragging; (iii) the
K=r2(1+2k(r,0)), | =0 second order equations that yiglgl, 7o, ®o, hy, and
vo, and(iv) thel=2 set at second order that determiggs
N%=w(r), (10 72, @5, hy, v,, andk,. For convenience we list the equa-
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tions here and recall where appropriate the free parameters

the system and how they are specified during a numerical

integration.

1. The O=(Qﬁvp) or background equations
The background equations are

1—¢et
N = —8mrerA,, 17
1—¢e
v =— +8mreM,, (18)
0 ’ 0 ’ 1 '
O:Ao|opo+60|ono+§MoV ) (19
0 ’ 0 ’ 1 ’
OZCO|opo+AO|ono+ EXOV ) (20

where theAJ|,, BYl,, andCy|, coefficients are obtained

from the master function and will be discussed in much

greater detail belowcf. Secs. Il D, lll, and the Appendjx
Throughout a prime “” will denote differentiation with re-
spect tor.

Regularity at the origin implies that(0), A’ (0), »'(0),
n,(0), andp/(0) all vanish. The radiuR is obtained from
the condition that the pressure vanish on the surfaeg,
V¥ ,(R)=0] and the background mass is given by

M

—47rfRAo(r)r2dr. (21)
0

The parametera,(0) andp,(0) for the matter on the back-

ground are not independent because chemical equilibrium is
imposed between the neutrons, protons, and a highly degen-

erate gas of relativistic electrorisf. the Appendix.

2. The O(Q, ) or frame-dragging equation

For O(Q),,) there is only the frame-dragging(r),
which is determined from

1 -
a0 e VI — 16me (W — AL,

=16mel " V)/ZXopo(Qn_ Qp). (22
The key difference with the frame-dragging equation for an
ordinary fluid is the “source” term on the right-hand side.
Any solution must be such that it joins smoothly to the ex-
terior vacuum solution. Continuity implies that

2]

LR =—Q,+ e (23

wherelJ is the total angular momentum of the system. Using

also that the derivative at the surface is to be continuous

implies

PHYSICAL REVIEW D 69, 123009 (2004

of

~ R.
La(R)==Qp= 3La(R). (24)

When the frame-dragging equation is solved numerically,
one searches for a central valug(0) that allows Eq(24) to
be satisfied.

With a solution in hand, the neutron and proton angular
momenta,J, and J,, respectively, can then be calculated
using

8w (R, (N—v)/2 T
Jn: — ? 0 drr“e [ﬂonoLn+A0nOp0(Qn_Qp)]
(25)
and
87 (R, (N—v)/2 T
Jp:_? . drr*e [XopoLp+A0n0p0(Qp_Qn)]'

(26)

The total angular momenturd likewise follows sinceJ
Jntdp.

3. The O(27 ) equations

One should first note that at this order there will exist both
al=0 andl=2 set of equations. Thé?(Qﬁ'p), =0 set
consists of Eq(15) as well as

Bg|ono A8|opo r2 Po
= + b+ —
In Mo o Mo 0 3e” Ko
24 ,
X A0+no(9—n 0+nopoﬁ (Qn—Qp)
)
r2._
——1L2+h,, (27)
3e”
Cg|opo A8|ono r2 No
= O] + —
i Xo 0 Xo 0 3e” Xo
x| Aot ead I Qn—0p)°
o1 Po ap . nopoaxz . (Qp p)
r2
——TL2+h,, (28)
3e’ p 0
16mr? ~5 - o~
0= [(\I’O_Ao)Ln"—Xopo(Qn_Qp)(Ln+Lp)

3e’

r

’
—vg
e

2
— ANgPo( 2y — Qp)z] + 877Ac,>§o_ I’_Z( N

r2

6ev+)\

+

(L)H?, (29)
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0= Zhim 2 s L —(Try2—8 +hy= 24 87 g a2
Q 0 E vorvo @( n) ™ U2 2_6e”“( n) 3e"( o~ Agly
r2 r4 - -
X M0n07n+Xop07p_(q}0_Ao)hO+Q + 3e” [Xopo(Qn_Qp)(Ln+Lp)
~5 ~5 r2 2 _-Aonopo(Qn_Qp)z]y (36)
X (MonoLn+XopoLp) - @nopvo(Qn_Qp) .
1 v’
(30) O:F(U2+h2)_(k2+h2)'_7(h2_02), (37)
Here y, and y, are integration constants, which are deter- 0= ih’— Eh Nl 1 v
mined from data given at the center of the star: red 2 2 % e r)°2
A B + ! ’+2 k; 4k i (LhH?
_ v+ 2k =k ——
Ya=ho(0)+ | 2 A, || (3D N
MO r=0 r2
+8m (q,o_Ao)h2+_V(MonoLﬁ+XopoL;2))
Bl xoAY %
[9) [0} [0}
Vp:ho(0)+(Tpo‘bo) r2
(04 ¥¢] —
=0 (32) _Qnopvo(Qn_Qp)2 . (38)
It is convenient to define the new variablen, In contrast to thd =0 case, the condition th@,(0)=0 at

=rvy/exp(\). Because we must havig(0)=0, thenzy(0)
and®,(0) are related via

(Monon0)|r:0+(Xopo¢0)|r:020- (33

Regularity at the center of the star also requires thgO)
=0, buthg(0) and#y(0), say, ardreely specified.

As for the O(Qﬁ’p), =2 equations, in addition to Eq.

(16), we have

the center of the star leads #%(0)=0=®,(0). Also note
that Eq.(36) can be used to removs, in terms of the func-

tionsh, andtnyp. It is furthermore convenient to work with
the new variabl&k=h,+k, [31]. Regularity at the center of
the star implies thah,(r)~c,r? andk(r)~c,r* asr—o0,
where the constants, andc, are related by

C1+ 2

Wo(0)— %AO(O))CfO- (39

We can take advantage of an overall scale invariance of

the field equations to remove the explicit dependence on both

B3 oo ASlopo r2 p, Q, andQ,, by dividing through by(),, the net result being
0= e 72t o ®,— 3¢’ E that only the ratia},,/(}, needs to be specified in advance.
As for the other parameters, they are chosen so that the so-
oA oA lutions obtained join smoothly to a vacuum exterior. For
><<A0+ No NP (Qn—Qp)2 =0, after Q,/Q, and 7,(0) are specified, this means a
o X search ovethy(0) is performed until a smooth solution is
5 achieved. Foil =2, the situation is slightly more involved,
+r—Ez+h2 (34) requiring that homogeniaous and then particular solutions be
3e” " ' obtained for the seth,,k) (see[18] for more detailz By
searching ovec,, say, and also trying different linear com-
binations of homogeneous and particular solutions eventu-
C8|opo AglonO r2 n, ally smoothness with the vacuum exterior can be achieved.
0= Yo Do+ Yo 72— 3e” X_o Having obtained a complete solution, the rotationally in-
duced change to the mass can be determined using
X| Ayt oA +n (Qp—Qp)2 J?
o Pogg . oPo, 2 J o F 5M=(R—2M)v0(R)+%. (40)
2
+ r T2+ h,, (35) Also the rotationally induced changes to the neutron and
3e’ proton particle numbers are obtained, respectively, from
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!

R
5Nn:f0 drrze"’zno( Mo+vot| 5+

+2r212 41
10 3" (41)

and

!

CD0+U0+

2 2
SN —J drr 2eM2p, |0t ) (42

Finally, the Kepler frequenc§) is calculated(cf. [32] and
[18]) using the slow-rotation form of

0= 43
=—+ o,
“ K
where the metric variables are those of Ef.and
K3/2wl 2KN’ K3/2wl 2
v= + + (44)
NK’ NK’ NK’

is the orbital velocity according to a zero-angular momentum
observer at the equatéwhere all quantities are to be evalu-
ated. In the slow rotation approximation, the Kepler limit is

the solution to

‘\/ﬁmp NG
P “Ng ' VR

oM (R+3M)(3R-2M).,,
— 4 3
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fledged calculation, it is very worthwhile to consider next the
implications of the slow rotation expansion for the master
function.

The termd.A/9x? would seem to imply, at least in prin-
ciple, that we need to know the master function@x?).
Consider, then, regions of the mattere., fluid elements
that are local enough that their spacetime can be taken to be
that of Minkowski, so that we can write out the term
explicitly as

1-v,-vp /c?
\/1 (v /c)z\/l (vplc)?

X

(47)

wherev, and v, are the neutron and proton, respectively,
three-velocities in the local Minkowski frame. We see from
this that when the individual three- velocmeu?'hp satisfy
UnplC<1, thenx?~np to leading order in the ratios,/c
andv,/c.

With this as motivation we write an analytic expansion for
the master function of the forii8,13]

A(nz,pz,x2>=i:EOxi<n2.p2><x2—np>i. (48)

The A, Ag, etc. coefficients that appear in the field equa-
tions can now be written as

2M 4R*M? o
328,44, A=—)\l—i22 iN(x2—np)' Y, (49
~| -
2 5 A1 Qg, (45)
1 g 1 :
where we have made the scaling with, explicit by intro- B=-~ m_ A g 2 (X —np)’, (50
ducinngjﬂp, etc., and have also defined
10N 1
_3R MY [ c=-252- 24 ——Z . TG
= VE R pJdp p
4_ 2030 _ 9R2NM2_ 3 4 PNy~ I\ _
+3R 3R°M —2R*M“—8RM?°>+6M 4 Al= - _2 L (x2—np), (52)
2RM2(R—2M) Jpan =1 dpan
In solving Eg. (45) we fix first the ratio Q,/Q,. If o Ao < PN, .
|Q,/Q,]<1, then we insertQ=0Q, and solve forQ,, Bo=- on2 _iZl on2 (x*—np)’, (53
otherwise we se€) = ({2,/€,)(, and then again solve for
Q,. 2 © 2
o No PN, .
Co=-—-2 —(¥-np), (54
D. Analytic expansion for the local matter content ap i=1 dp
Before proceeding to the next section that describes the "

mean field approach, one final observation needs to be made. dA INq

We see in the equations above the appearance of not only the
entrainment, via thed coefficient, but also the relative

) _(axi , . )
e PN X npl=[i—1]px,

velocity-dependent part of the entrainment, through the term X (x*=np)'~?, (59

dAlx?. A priori one needs a formalism for the matter that

©

will determine this term, if the effects of a relative rotation dA I\, ’ .

between the neutrons and protons are to be consistently in- 55~ = 5n T &, ' %[X —np]=[i—1]n\;
corporated. The mean field formalism presented in Sec. IlI

can do just that. However, before embarking on a full- X (x?—np)' 2, (56)
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[

=—20,— 2, i(i—1)\(x2—np) 2. (57)
X i=3

dA

2

We conclude from this expansion that the master function
coefficientsAy, Ny, and N, uniquely determine the back-
ground values for all the matter coefficients—i.d,, B,
etc.—that enter the field equations. In particular, if we need
to know )\, then we need to know the master function to at
leastO(x*). However, the particular combinations that con-
tain 9.4/ 9x? that enter the field equations are seen to reduce

PHYSICAL REVIEW D 69, 123009 (2004

K

to

AL GA 0
N—+np—=—\;—N—
an (9X2 !

m &A+ dA N INy
- n — — — —
Pap TP 1P

o

2

That is, these combinations involve only the coefficient

I 2 i-1
>\i+p$ (x*=np)'~~. (59

“y

FIG. 1. The neutron and proton Fermi spheres drawn in momen-
tum space. The neutron sphere is centered at the origin and has
radiusk,, whereas the proton sphere has radigsand its center
has been displaced an amot&hfrom the origin.

are to be solved in each fluid element of the neutron star. The
main approximations of the mean field approach are to as-
sume that the nucleons can be represented as plane-wave
states and that all gradients of theand w* fields can be
ignored. The coupling constangs. andg,, and field masses

m, andm,, are determined, for instance, from properties of
nuclear matter at the nuclear saturation density. Fortunately,
in what follows, we only need to give the ratiosf,

when evaluated on the background. This, in fact, makes pet=(g,/m,)? andc?=(g,,/m,)>.

fect jsense since the slow rotation approximation is to Of course, the main consideration is to produce a master
O(Qy p), which naturally corresponds to the term in the function that incorporates the entrainment effect. Consider

master function proportional t*—np.

Ill. THE o-w RELATIVISTIC MEAN FIELD MODEL

again fluid elements somewhere in the neutron star. The fer-
mionic nature of the nucleons means that they are to be
placed into the various energy levelsbtained from the
mean field calculationuntil their respective(local) Fermi

The master function to be used has been obtained using@heres are filled. The Fermi spheres are best visualized in
relativistic o-o mean field model of the type described by momentum space, as in Fig. 1. The entrainment is incorpo-
Glendennind 16]. The Lagrangian for this system is given rateq by displacing the center of the proton Fermi sphere

by

from that of the neutron Fermi sphere, also illustrated in Fig.
1. The neutron sphere is centered on the origin, and has a

L=LptLotLotLine 60 ladius k,. Displaced an amouri from the origin is the
where center of the proton sphere, which has a radiys The
Fermi sphere radii and displacemeri, (k,,K) are func-
L= (i y, 0" —m), (61)  tions of the local neutron and proton number densities and
the local, relative velocity of the protons, say, with respect to
the neutrons.
Ly=— 50,00 0= Emiaz, (62 Introducing the definitions
1 $n=0,0% ¢pE¢n+Kr (65)
Lw=——ww,ww——miwﬂwﬂ, (63 .
4 2 then the master function takes the fof8j
Lintzgo'a-lplp_ gww#l/,yﬂl//_ (64) 2 1 1
— Co 3 3\2 2 2 2
) ) ) ) A=— (kntky)“+ —5dp— —5(m"—my3)
Herem is the baryon mass/ is an 8-component spinor with 187* P Zcfu Zci
the proton components as the top 4 and the neutron compo- _
nents as the bottom 4, the, are the corresponding>88 =3(VykW), (66)

block diagonal Dirac matrices, and,,=d,,

0,—d,w,. The

coupled set of field equations obtained from this Lagrangianvhere

123009-7



G. L. COMER PHYSICAL REVIEW D 69, 123009 (2004

TABLE I. The canonical background models used here and by

_ 1 Kn
(WK, W) = 12772( fﬁk dkz[(kﬁ—Zm,z( —2¢§—3k§ Comer and Joynfi8].
2 2 2 12 Model | Model Il
_4¢nkz)(kn+ ¢n+ mj, +2¢nkz) +2([kz
) (9,/m,)?=12.684 6,/m,)?=8.403
2_ 2_
b am2)d +f P k(2= 2P — 2.2 (9,/m,)2=7.148 @, /m,)?=4.233
nl Bl —kp Ak s 2% »(0)=—2.316408 »(0)=—2.288385
k,(0)=2.8 fm ! kn(0)=3.25 fm*
= 3K;— 4byk,) (Kp+ &+ M +2hpk,) 2 X,(0)=0.101 X,(0)=0.102
M =2.50M ¢, M =1.996Vl
+2([K+ ppl?+m2)37] |, (67) R=11.696 km R=9.432 km
70(0)=0 70(0)=0
C<2T kn 2 2 2 2 222 ;
m, =m-——m, J dk,[ Ky + @5+ mi set (h*,p~,x°), and then use Eq#69), (70), (71), and(72) in
2@ ~kn Eqg. (74) to determine the setk(,,k,,K). One would then

solve Eq.(68) for the Dirac effective masm, . In practice

K
+2¢nkz]1/2+f idkz[k,zﬁ ¢§+ m?2 \(/\l/(e Lew}r(it)e the field equations so as to solve directly for
—p nKps .
‘ Earlier we discussed the slow-rotation approximation as it
+2¢pkz]1/2_f diy[ (K, + )2+ m2 142 applies to the master function, and determined that we need
—kn to know the\y and \; coefficients. Comer and Joyih8]
K have shown that
_j ’ dk,[ (k,+ ¢p)2+mi]1/2)1 (68) c, 3,32 L 33
—Kp AO:__4(kn+kp) __Z(kn kn+m~k|0
18w A
n°=ik3 (69 3 20 5 L
32 " +kp kp+m*|o)_E(Zm_m*lo)(m_m*|o)
o_ L .3 1
p=——kp, (70 — — | mekp[ 2k, + me]\/kzp+ m2
37 8m?
1 kn 4 kp+ V k‘23+ mg
== [kt o) [+ + 47 e e ) 79
272 )k, e
2 2
+2¢k )= [(K+ )2+ mZ]¥3,  (7D) Lo o [ ekirmld
! ¢ 5,ug P k123+ m,|ss 372
1 (ke
pr= | dhathot ) [+ + @ @
2m%) —k, % ne_ . p™n
K2+m, |2 VKE+m, |2
+ 2k ]2 [kt )+ mE 1D, (72) Vhatmilo® Vigrmls
3m2k: ka+m, |2
p ™n *|o (76)

bn=—Co(N"+p?). (73) - —,

" 5M§kﬁ kp+ m, |02
As applied to this system, the slow-rotation approximation . . .
means thak is small with respect t&, , . In particular, we wherem, |, is the solution to the transcendental equation

2
should keep terms up to and includigyK?). —m— o k K2+ 24 ke K2+ 2
Implementation of the mean-field approach is hampered Mlo=m m*|°2772 nVkn My o™+ kpvkyFm o

by the fact that the most natural variables for it are the mo-

menta K, ,Ky,K), whereas the general relativistic superfluid 1 2| k,+ \/kﬁ+ m, |2
formalism relies on 1t2,p?,x%). The two sets are related to “oMy | Inf— s
each other via the kinematic relations 0 knt VKt My o
2 (ON2_ (202 2 (nON2_ (22 2 200 _ 1 2 k,+Vk2+m, |2
n“=(n")*—(n%*, p*=(p°)*—(p%»*, x°=n"p°—n?p? -5m, Inl —P T My lo 77
(74) o | Kot Vky02+m, |2

wheren®, p° n? andp? are given above in Eq$69), (70), and we have added to, the contributions due to the elec-
(71, and(72). In principle one would specify values for the trons (m,=m/1836). This is necessary to obtain a central
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— 0.006 — , ——

0003 H o003

Kn/Q”
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R

Joomal—o L v 10 1 1]
02 04 06 08 1 (

) 0.2 0.4 0.6 0.8 1

FIG. 2. The metric function&(r)—the 3 lower curves—and FIG. 4. The combinatiof(r)=h,(r)+ky(r) vsr for models |
h,(r)—the 3 upper curves—uvs for models | (left pane) and Il (left pane) and Il (right panel of Table I. The relative rotation rates
(right pane] of Table I. The relative rotation rates are varied are varied 2,/Q,=0.7, 1.0, 1.3
(Q,/Q,=0.7, 1.0, 1.3

imposed, which implies that the proton number density at the
center of the star is no longer a free parameter. We do not
apply chemical equilibrium for the rotating configurations
since Andersson and ComEgt8] have shown it is not con-
sistent with rigid rotation. The two sets of parameter values
for the mean field model given in Table | represent the two
extremes discussed by Glendennjig]. For all of the solu-

That is, we replace everywhere the background neutron anpns we will set7(0)=0 which implies also thatbo(0)
proton number densities with their respective Fermi mo-— , o , ) )
menta. Once the Fermi momenta are specified, we can then 10 begin we will give plots of the various field radial
determine the background value for the Dirac effective masgrofiles for varying relative rotation rates of),/Q,

ie. m, |0, from Eq (77) However, Comer and Joynt found :07,10,13 These fall within the range of rates that were
that numerical solutions were easier to obtain by turning Eqconsidered earlier by Comer and Joyat, who determined
(77) into a differential equation using the identity the frame-dragging and the angular mome(efatheir Figs.

4 and 5. Picking up at the second order, we present in Fig. 2
a plot ofhy(r) vsr for several relative rotation rates and for
models I(left pane) and Il (right pane) of Table I. Similarly

in Fig. 3 we show a plot ofmy(r)=ruvg(r)/exp(\(r)) vsr

and wherek;, andk,’) are to be obtained simultaneously using and in Fig. 4 we hav&(r)=h2(r)+ ko(r) vsr. Figure 5
Eq. (20). The partial derivatives of the Dirac effective mass shows the radial profiles @fy(r) and&,(r). Figures 6 and 7
can be found in the Appendix, along with the other mattershow the radial profiles ofj(r) and 7,(r) and®,(r) and
coefficients. ®,(r), respectively[We do not show plots af,(r) since it

can be removed in terms ok (r) andtn,p(r).]

Andersson and Com¢8] used a simplified equation of
. . . . state(i.e. a sum of polytropgsand did not include entrain-
In this section we present numerical solutions to the SIOWment and thus a direct comparison between our solutions and
rotation equations. The two canonical background configur theirs would not be expected to yield the same details. That
tions (see Table )l that will be used repeatedly are the SaME eing said, there are some qualitative similarities F(.)r in-
as those used by Comer and Joj8it They are such that the 9 ' d :

neutron and proton number densities vanish on the same sgpance, the signs of tHe=0 fields versus the=2 fields are

proton fractionp,(0)/(p,(0)+ ny(0)) of about 0.1, which is
considered typical for neutron stars.
In order to solve for the background, we note that

3 3
k Kk

n —
372

Ne=—>3,
372

(78)

(0]

Imy |

4 *|o
= k+
&kp

m* | o 0—,kn n

K, (79)

IV. NUMERICAL RESULTS

face. They are also such that chemical equilibrium has been

0.02

/R

r — 002 T T
0.004 T T 0.004 T T T T r L
o b F 0 = ] 0 s
L 4 L — ©,/0,=07 g F . F
0.003 — H 0003 | 2,/2,=10 — A 002 .0.02
o /1 ——- /0,=13 3 F E F
E C C =~ [ . ] [
N b [ b g, -0.04 2 004
g er /70 1 £ f [— s ~ ] ¥ b
EQ C ; B pi I Q,/9,=10 E B ]
F B F E 006 |___ am-13 5 006 7
0.001 — 0.001 — F r 3 F
C ] X oosb— L ot v 11w 1 g0k 11 I
n L 0 0.2 04 0.6 0.8 1 0 0.2 04 0.6 0.8 1
05 L 0 L t/R

FIG. 5. The radial displacemeng(r)—the 3 upper curves—

FIG. 3. The metric functiomg(r)=ruvq(r)/exp(\(r)) vsr for
models | (left pane) and Il (right pane] of Table I. The relative
rotation rates are variedX,/Q,=0.7, 1.0, 1.3

andé&,(r)—the 3 lower curves—vs for models I(left pane) and II
(right panel of Table I. The relative rotation rates are varied
(2,/Q,=0.7, 1.0, 1.3
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0.04 e 004 e e 27

1.8

L — 2/3.,:‘; -—Q=0=00 |
>0.08? ___ gn;gp;l.s B — Q/8,=07 | 4
W/, L ¢ .. Q,/Q,=10| 7
S ) APUIIN EPRFEP EPRTIVEN IFEVITIN EFAT [ P I SIS ST A [ —m o0 =13
o 02 04 06 08 1 70 02 04 06 08 1 L -7 ]
/R r/R L S R I fald v e ]
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FIG. 6. The neutron density correctiong(r) 70(r)—the 3 up- n(0) [en"] 1(0) [fm]

per curves—ana(r) 7,(r)—the 3 lower curves—vs for models
I (left pane) and Il (right pane] of Table I. The relative rotation
rates are varied({,/Q,=0.7, 1.0, 1.3

FIG. 8. The total mass as a function of central neutron number
density for models I(left pane) and Il (right pane) of Table |
(using 2 ,=3900 rad/s). The relative rotation rates are also varied,

. . ie.Q,/Q,=0,0.7,1.0,13.
in agreement, as are the number of zeroes that occur in the

fields. The most pronounced qualitative differences are found ) o )
in the functions®,(r) and ®,(r), especially near the sur- We see a g_ene_ral overall quadratic behaV|0r_ in the rela_\tlve
face of the star. This could perhaps be related to our use of diftation, which is expected for the slow rotation expansion.
explicit term for the electrons in the equation of state. Also expected is the limiting value d%,/R.=1 asQ,/Q,

In Fig. 8 we have graphed the total mass for proton rota= 0. Since the neutrons and protons have been constrained
tion rates that equal the fastest known pulgge., to vanish on the same surface, we do not find configurations
—3900 rad/s) versus the background central neutron numbdke those of[12,14 whereby the neutrons, say, can extend
density. The left panel is for model | of Table | and the right ©ut further than the protons. ,
panel is for model II. In both plots the relative rotation rate  Figure 10 is a graph of the Kepld¢or mass-shedding
Q,/Q, of the neutrons with respect to the protons is alsdlimit Qy versus the relative rotation rate for the canonical
varied. Generally speaking, stars that are spun up withod@ckground configurations of Table I. Two competing factors
changing the total baryon number move upward and to th&"® the amount of mass of the star that is in neutrons versus
left in the figure. We find that we recover the so-called “su-the relative rotation rate. For instance, f0r,/Q,>1 the
pramassive” configurations first discussed by Castkal. Kepler limit is seen to be essentially flat. This can be easily
[33]. These are stars whose central densities go beyond tiéderstood as a result of the fact that the neutrons represent
maximum allowed for stable, non-rotating configurations and'€@rly 90% of the mass of the system, and so the Kepler
yet still remain on the stabl@ipward branches of their par- limit changes very little as the relative rotation is increased.
ticular mass vs central density curves. These configurationgUch behavior has also been seen in the analytical solution of
are stablized by their rotation. Prix et al.[12], and the numerical results of Andersson and

Figure 9 gives plots of the ratio of the poliire., R,=R Comer[18]. The clear difference with the previous work is
+¢R0)] to equatoriali.e., Ro= R+ &(R, 7/2)] radii v’érsus the general decrease in the Kepler limit as the relative rota-
the relative rotation rate2,/Q, for the canonical back- Uon is decreased below one. Pexal. and Andersson and
grounds given in models | and Il of Table | and assuming aComer found that the Kepler limit increased monotonically
proton rotation rate of the fastest known pulsar. Up to andS the relative rotation was decreased. They explained this as
including O(Q7 ,) we have

1

R 3 &(R) S —
=145 (80 -
Re 2 R L
098 -
™ 0.004 — —— —
7 0.002F Y
~ . o o~
g 0 . ~, 096
3 1 1 ~
) N -0.002 kS
% F g E
&, 0004 [— am-er 0004 Kt
o 3 e QIR =10 1 3 3 0.94 |
-0.006 - |--- a/8=12 —-0.006 =
T N B B P N B B
D085z 04 06 08 1% oz o4 06 08 1 |
r/R r/R
[1Y 7 AU NP NI NI NI NRU NU NU ENU BI BT EAT I
X ) 0 01 02 03 04 05 06 07 08 09 1 1.1 1.2 13
FIG. 7. The proton density correctiomg(r)®y(r)—the 3 up- Q/Q
permost curves at/R=1—and p,(r)®,(r)—the 3 lowermost
curves atr/R=1—vsr for models I(left pane) and Il (right panel FIG. 9. The ratioR, /R, as a function of the relative rotation
of Table I. The relative rotation rates are varieQ,((,=0.7, rate(),/Q, for the canonical background configurations of models
1.0, 1.3. I and Il of Table I and setting),=3900 rad/s.
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22000 ————— — and Comel34] (see alsd13]) have shown that a suitably

advanced gravitational wave detector should be able to see
gravitational waves emitted during Vela or Crab-like

20000  eemmmT B
L glitches. Such observations could provide potentially unique
[ . ] information on the supranuclear equation of state and the
18000 |- . parameters that govern entrainment. Another important ap-

plication will be to study further the recently discovered two-
stream instability35,36]. It is the direct analog for superflu-
ids of the instability of the same name known to exist in
plasmas[37,38. Finally, our results should also find some
application in studies of vortex structure in neutron stars.
Link [39] has suggested that free precession in neutron stars
L is not compatible with the protons behaving as a type I
12000ttt ————  superconductor. This should be explored in more detail by
n/ 5% allowing for the effect of entrainment.

16000 — -

14000 — — Model I
F --- Model Il

FIG. 10. The Kepler mass-shedding limit as a function of the
relative rotation raté,/Q}, for the canonical background configu-
rations of models | and Il of Table I.
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decreased. It just does not exhibit the monotonic increase of
the earlier studies. The main differences with the two earlier
studies are that here we use the mean field formalism for the APPENDIX
equation of state—the previous two studies used simplified For convenience, we list here the various matter coeffi-
polytropes—and the entrainment is both relativistic and als@jents that are required as input in the field equations:
has a nontrivial radial profildcf. Figs. 2 and 3 of{8]),
2k2 an+m*|02 Cf)

whereas the relevant entrainment parameter is kept constant 2 K2K3
n"p
P2
Ko+ m, |2 372

Vkﬁ+m*|02

) 332 K2+ m, |2

in Prix et al. and taken to be zero in Andersson and Comer.  A|,=c2+ —
Sk

V. CONCLUSIONS )

21,3
LKk
Vk3+m, .
3772,u0_02k_g_ ok ” Vka+m, |2 +c_§)
K3 ‘K2 5ulk3 "\/|<§,er*|02 372

213 21,3 2
knkp N kpkn
W&rm 2 Jirm,|

The earlier work of Comer and Joyf8&] laid the founda- (A1)
tions for a fully relativistic approach to entrainment in super-

fluid neutron stars. They applied their formalism to first order

in the rotational rates, and determined the impact of a rela-

tive rotation on the frame-dragging and the angular momenta B|,=
of the two fluids. We have expanded on this work by extend-

ing the calculations to second order in the rotation rates, and

have determined for the first time the maximum mass, shape,

and Kepler limit using a fully relativistic formulation for
entrainment and allowing a relative rotation between the two

fluids.

5/—L(2)k§ \/k|2)+ m, |o2 ,

21,5 12 2
3mky kp+my g

An important extension of our work will be to include
isotopic spin terms in the master functiph6]. These are
important for incorporating symmetry energy effects which
tend to force baryonic systems to have as many protons as

neutrons. Obviously nuclei tend to have equal numbers of Clo=

neutrons and protons, and so this is why a symmetry energy
term is an important addition to the equation of state. In
terms of neutron stars, Prigt al. [12] have shown clearly
that symmetry energy impacts rotational equlibgag., el-
lipticity, the Kepler limit, and moment of inertjas the rela-
tive rotation is varied.

The next application we have in mind is to study quasi-
normal modes on slowly rotating backgrounds. Andersson
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kp \/krz)-f— mg ,
where

&m*|o:_ Ci m*lokﬁ (3m_2m*|o

(?kn ?\/kﬁ+m*|oz m*|o

C2

o

3 3
k ke

n
+
\/k§+m*|02 \/kg+m*|02

|

71_2

(A7)
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omglo ey mlky [3m-—2m,[, cf
Kp w? \/kg-i- m, |2 m,[o 2
k3 k2 )‘1
n p
X + . (A8)
Vka+m,lo?  Vkg+m, [

The two functionsu, and yx, are the background values
for the two chemical potentials:

C2

37‘;’2 (ki k) + Kk +m, |,

Moo=

2

C(l)
Xo=3 5 (kK3 + ks +m, 2.
ar

(A9)

Chemical equilibrium for the background meaps= x,

+ Vkp+mg must be imposed. Given a value fior(0) then
kp(0) can be determined. Using these then the initial value
for the Dirac effective mass can be obtained from E&q) so
that Eq.(79) can be integrated.
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